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Abstract. Inductive definitions and rule inductions are two fundamental rea-
soning tools in logic and computer science. When inductive definitions iavolv
binders, then Barendregt’s variable convention is nearly always &enbl@ex-
plicitly or implicitly) in order to obtain simple proofs. Using this convention, one
does not consider truly arbitrary bound names, as required by thenduetion
principle, but rather bound names about which various freshneasasgions are
made. Unfortunately, neither Barendregt nor others give a formstifigation for

the variable convention, which makes it hard to formalise such praofhig pa-
per we identify conditions an inductive definition has to satisfy so that a édrm
the variable convention can be built into the rule induction principle. In prctic
this means we come quite close to the informal reasoning of “pencil-apdrp
proofs, while remaining completely formal. Our conditions also revealoir
stances in which Barendregt's variable convention is not applicablesandven
lead to faulty reasoning.

1 Introduction

In informal proofs about languages that feature bound ket one often assumes
(explicitly or implicitly) a rather convenient conventiabout those bound variables.
Barendregt's statement of the convention is:

Variable Convention: If M, ..., M, occurin a certain mathematical context
(e.g. definition, proof), then in these terms all bound Vialea are chosen to be
different from the free variables. [2, Page 26]

The reason for this convention is that it leads to very slidoimal proofs—one can
avoid having to rename bound variables.

One example of such a slick informal proof is given in [2, P&§& proving the
substitutivity property of the— (or “parallel reduction”) relation, which is defined by
the rules:

——  On M —» M’ Ong
M— M @ lam(y.M) — lam(y.M’)
——~ Ong ; -~ One,
app(M, N) — app(M', N") app(lam(y. M), N) —» M'[y := N'|
1)

The substitutivity property states:
Lemma. If M —» M’ andN — N, thenM [z := N|] —» M'[z := N'].
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In [2], the proof of this lemma proceeds by an induction ober definition ofAl —
M'. Though Barendregt does not acknowledge the fact explititere are two places
in his proof where the variable convention is used. In caseilefOne, for example,
Barendregt writes (slightly changed to conform with thetayxrwe shall employ for
A-terms):

CaseOne,. M — M’ is lam(y.P) — lam(y.P’) and is a direct consequence of
P — P’. By induction hypothesis one hd¥xz := N|] — Pz := N']. But then
lam(y.Plz := N]) —> lam(y.P'[x := N']),i.e. M[z := N] —» M'[x := N']. O

However, the last step in this case only works if one knows tha

lam(y.P[z := N]) = lam(y.P)[z := N] and
lam(y.P'[x := N']) = lam(y.P")[z :== N’|

which only holds when the bound variabjds not equal tar, and not free inV and
N’. These assumptions might be inferred from the variable eation, provided one
has a formal justification for this convention. Since onealigtassumes that-terms are
a-equated, one might think a simple justification for the &alé convention is along
the lines that one can always rename binders with fresh nafés is howevemot
sufficient in the context of inductive definitions, becausereé rules can have the same
variable occurring both in binding and non-binding positioln rule Ong, for example,
y occurs in binding position in the subterimn (y. M), and in the subterm/’[y := N’|
it is in anontbinding position. Both occurrences must refer to the saan@ble as the
rule M—» M N —» N’
app(lam(z.M), N) —» M'[y := N'|

leads to a nonsensical reduction relation.

In the absence, however, of a formal justification for thealsle convention, Baren-
dregt’s argument considering only a well-chogeseems dubious, because the induc-
tion principle that comes with the inductive definition-ef is:

Oné,

VM. PM M

VyMM'. PMM = P (lam(y.M)) (lam(y.M"))

VMM NN'. PMM' A PNN' = P(app(M,N)) (app(M',N'))

VyMM' NN'. PMM AN PNN' = P(app(lam(y.M),N))(M'[y := N'])
M—»N = PMN

where both cases Opand Ong require that the corresponding implication holds for
all y, not just the ones with # = andy ¢ FV (N, N’). Nevertheless, we will show that
Barendregt's apparently dubious step can be given a faitinid sound, mechanisation.
Being able to restrict the argument in general to a suitabsen bound variable will,
however, depend on the form of the rules in an inductive déjmiIn this paper we
will make precise what this form is and will show how the vat@&convention can be
built into the induction principle.

The interactions between bound and free occurrences @hles, and their conse-
quences for obtaining a formal argument, seem to often beomked in the literature



Barendregt’s Variable Convention in Rule Inductions 3

when claiming that proofs by rule inductions are straightfard. One example of this
comes with a weakening result for contexts in the simplyety/p-calculus.

We assume types are of the foffh := X | T — T, and that typing contexts
(finite lists of variable-type pairs) arealid if no variable occurs twice. The typing
relation can then be defined by the rules

valid(I')  (z:T) e I’ I'-M:Ty—-T, I'EN:Ty
Type, Type,y
I'toar(z):T I'tapp(M,N): Ty
()
a# I (e:Th):T'+M:Ty

I'tlam(z.M) Ty — Ty

Type;

where(z : T') € I' stands for list-membership, and# I" for = being fresh forl",
or equivalentlyz not occuring inI". Define a contex{” to be weaker thad” (written
I" C I'), if every name-type pair ii” also appears ii”. Then we have

Lemma (Weakening).If I" = M : T is derivable, andl” C I with I"” valid, then
I'"+ M : Tis also derivable.

The informal proof of this lemma is straightforward, prosi{!) one uses the variable
convention.

Informal Proof By rule induction oveld” + M : T showing that!™” = M : T holds for
all I'" with I C I'" and I being valid.

CaseType;: I' = M : TisI' + war(xz) : T. By assumption we knowalid(I"),
(x:T) € I'andI" C I''. Therefore we can use rulgpe, to derivel” - var(z) : T.

CaseType: ' - M : TisI' + app(My, Ms) : T. Case follows from the induction
hypotheses and rul&ype,.

CaseType;: ' = M : Tis 'k lam(x.M;) : Ty — T». Using the variable convention
we assume that # I''. Then we know thaf(x : T1) :: I'’) is valid and hence that
((x:Ty)::I") F M, : T; holds. By appealing to the variable convention again, we can
conclude thatl™” + lam(xz.M,) : Ty — T» holds using ruleType; |

However, in order to make this informal proof work with thelirction principle that
comes with the rules in (2), namely

VI'xT. valid(D)A (z:T) € I' = P I' (var(x)) T

VITMNT,Ty. PIT M (T, ~To) A PTNT, = PT (app(M,N)) Ty

Vel MTyTo.x2 # T AP ((x:Th) L) M Ty, = PTI (lam(x.M)) (T, — T5)
I'-M:T = PI'MT

®3)
we need in case of rule Typeo be able to rename the bound variable to be suitably
fresh for I'’; by the induction we only know that is fresh for the smaller context
I". To be able to do this renaming depends on two conditiong; flrere must exist
a fresh variable which we can choose. In our example this m#aat the context”
must not contain all possible free variables. Second, ttegioa I" - M : T must
be invariant under suitable renamings. This is because wieechange the goal from
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I lam(x.My) : Th — Toto IV + lam(z. My [z := z]) : Ty — T, we must be able
toinfer from ((x:Ty) = ")+ My : Ty that((z:T1) :: ') = Mz := 2] : T5 holds.
This invariance under renamings does, howeret,hold in general, not even under
renamings with fresh variables. For example if we assumevidmgables are linearly
ordered, then the relation

v =min{vg,...,vn}

({vo,...,vn},v)

that associates finite subsets of these variables to théestnadriable occurring in it,
is notinvariant (apply the renaminjg := v'] wherev’ is a variable that is bigger than
every variable invy, . . ., v, }). Other examples are rules that involve a substitution for
concrete variables or a substitution with concrete termerdler to avoid such patho-
logical cases, we require that the relation for which oneta/ém employ the variable
convention must be invariant under renamings; from thedtido we require that the
variable convention can only be applied in contexts wheeeetlare only finitely many
free names.

However, these two requirements amat yet sufficient, and we need to impose a
second condition that inductive definitions have to sati€ynsider the function that
takes a list of variables and binds them\iabstractions, that is

bind t [] = %y bind t (z::xs) aef lam(x.(bind t s))

Further consider the relation-, which “unbinds” the outermost abstractions ofa
term and is defined by:

var(z) < [], var(z) Unbind app(ty,t2) — [, app(t1,t2) Unbind,
— / 4
P20 Unbind, (4)

lam(z.t) — x:as,t

Of course, this relation cannot be expressed as a functiauise the bound variables do
not have “particular’ names. Nonetheless it is well-defjrzadi not trivial. For example,
we have

lam(z.lam(y.app(var (z), app(var (y), var(2)))))

— [z,y], app(var(x), app(var(y), var(z))) and
lam(z.lam(y.app(var(x), app(var(y), var(z))))

— [y, x], app(var(y), app(var(z), var(z)))

but we also havet’. lam(x.lam(y.app(x, app(var(y), var(2))))) & [z, 2], t'.

Further, one can also easily establish (by induction onéhm t) that for everyt
there exists & and a listzs of distinct variables such that— xzs, ¢’ holds, demonstrat-
ing that the relation is “total” if the last two parameters &iewed as results.

If one wished to do rule inductions over the definition of thegation, one might
imagine that the variable convention allowed us to assumettie bound name was
distinct from the free variables of the conclusion of theerwdnd in particular that
could not appear in the lists. However, this use of the variable convention quickly
leads to thdaulty lemma:
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Lemma (Faulty). Ift — (x::xzs),¢ andz € FV(t') thenx € FV (bind t’ xs).

The “proof” is by an induction over the rules given in (4) ars$@mes that the binder

in the third rule is fresh with respect t&. This lemma is of course false as witnessed
by the termlam (z.lam(x.var(x))). Therefore, including the variable convention in the
induction principle that comes with the rules in (4), woutdguce an inconsistency. To
prevent this problem we introduce a second condition faswivhich requires that all
variables occurring as a binder in a rule must be fresh (anatihich we shall make
precise later on) for the conclusion of this rule, and if &ruhs several such variables,
they must be mutually distinct.

Our Contribution: We introduce two conditions inductive definitions must sgtin
order to make sure they are compatible with the variable eation. We will build
a version of this convention into the induction principléattcome with the induc-
tive definitions. Moreover, it will be shown how these newg“sompatible”) induction
principles can be automatically derived in the nominal gqta package [12, 10]. The
presented results have already been extensively usednmalisations: for example in
our formalisations of the CR and SN properties in fhealculus, in a formalisation
by Bengtson and Parrow for several proofs in the pi-calc[8lisn a formalisation of
Crary’s chapter on logical relation [4], and in various faimed proofs on structural
operational semantics.

2 Nominal Logic

Before proceeding, we briefly introduce some importantansifrom nominal logic [9,
12]. In particular, we will build on the three central notsoof permutationssupportand
equivariance Permutations are finite bijective mappings from atoms ¢onat where
atoms are drawn from a countably infinite set denoted bwe represent permutations
as finite lists whose elements are swappings (i.e., pair®ofs). We write such permu-
tations agaq b1)(az b2) - - - (ay, by ); the empty lis{] stands for the identity permutation.
A permutationr actingon an atom is defined as:

def
[Jea =a
wr | @2 ?f Tea = ay
((a1ag)m)ea =< a1 if mea = as

mea Otherwise

where(a d) :: 7 is the composition of a permutation followed by the swapging). The
composition ofr followed by another permutation’ is given by list-concatenation,
written as#’@r, and the inverse of a permutation is given by list reversaitten as
7. Our representation of permutations as lists does not giigue representatives:
for example, the permutatiqi ) is “equal” to the identity permutation. We equate the
representations of permutations with a relatien

Definition 1 (Permutation Equality). Two permutations arequal written 7 ~ s,
providedr;«a = myea, forall a € A.

The permutation action on atoms can be lifted to other types.
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Definition 2 (The Action of a Permutation). A permutation actionr(—) lifts to a
typeT provided it satisfies the following three properties on alluesz € T

0) [w=2
(#1) (M Qmy)ex = my+(Maex)

(#i1) if 7w ~ mothenmyex = moex
For example, lists and tuples can be given the following peation action:
[]
(meh) i (mwet) (5)

(Texy, ..., momy)

Q.
[0
a2

lists: (]
mwe(h i t)
tuples: me(z1,...,2,)

(=X
0]
=

Q.
[v]
=

Further, om-equated\-terms we can define the permutation action:

mevar(x) aef var(mex)
meapp(Mi, Ma) = app(me My, 7+ M) (6)
melam(xz.M) o lam(mex.me M)

The second notion that we use is thasapport(roughly speaking, the support of
an element is its set of free atoms). The set supporting amegitis defined in terms of
permutation actions on that element, so that as soon as snéefiaed a permutation
action for a type, one automatically derives its accompamyiotion of support, which
in turn determines the notion of freshness (see [12]):

Definition 3 (Support and Freshness)Thesupportof z is defined as:

supp(x) Cﬁf{a | infinite{b| (ab)ex # x}}.
An atoma is said to befreshfor anz, writtena # «, if a ¢ supp(x).

We will also use the auxiliary notatiam # s, in which zs stands for a collection of
objectsz; ...x,, t0o meamna # x;...a # x,. We further generalise this notation to a
collection of atoms, namelys # xs, which means,, # zs...a,, # xs.

Later on we will often make use of the following two propestaf freshness, which
can be derived from the definition of support, the permutatiction onA and the
requirements about permutation actions on other typep(twfs see [12]).

Lemma 1.
e (a) a# ximpliestea # w+x; and
e (b) ifa# xandb # x, then(ab).z = x.

Henceforth we will only be interested in those objects whielve finite support, be-
cause for them there exists always a fresh atom (recall igaset of atoms\ is infi-
nite).

Lemma 2. If z is finitely supported, then there exists an atosuch thatu # x.
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Unwinding the definitions of permutation actions and suppae can often easily cal-
culate the support of an object:

atoms: supp(a) = {a}
tuples: supp(x1, ..
lists: supp(]]

«a-equated\-terms: supp

We therefore note the following: all elementsiirand alla-equatedi-terms are finitely
supported. Lists (similarly tuples) containing finitelypported elements are finitely
supported. The last three equations show that the supportegfuated\-terms coin-
cides with the usual notion of free variables. Hencé: M with M being am-equated
A-term coincides withlu not being free inV/. If b is an atom, them # b coincides with
a # .

The last notion of nominal logic we use here is thaeqtiivariance

Definition 4 (Equivariance).
e Arelation R is equivariantf R (w-xs) is implied byR zs for all .
e Afunctionf is equivariantprovidedr«(f xs) = f (wxs) for all 7.

Remark 1.Note that if we regard the term-constructers:, app andlam as functions,
then they are equivariant on account of the definition givgi%). Because of the defini-
tionin (5), the cons-constructors of lists are equivariBgta simple structural induction
on the list argument ofalid, we can establish that the relatigalid is equivariant. By
Lem. 1(a) freshness is equivariant. Also list-memberstiip) € (—), is equivariant,
which can be shown by an induction on the length of lists.

3 Schematic Terms and Schematic Rules

Inductive relations are defined as the smallest relatioseclaunder some schematic
rules. In this section we will formally specify the form ofdurules. Diagrammatically
they have the form

premises side-conditions
- 1
conclusion (7

where the premises, side-conditions and conclusions adigattes of the fornR ts
where we use the letters, S, P and(@ to stand for predicategs stands for a collection
of schematic terms (the arguments 8. They are either variables, abstractions or
functions, namely ¢ ::= = | a.t | fts wherea is a variable standing for an atom
and f stands for a function. We call the variahklen a.t as being irbinding position
Note that a schematic rule may contain the same variableniiigy and non-binding
positions (Ong and Typg are examples).
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Assuming an inductive definition of the predicdtethe schematic rule in (7) must
be of the form

Rtsy ... Rts,, S1881 ... S;mSSm 0
Rts 8)

where the predicateS; ss; (the ones different fronk) stand for the side-conditions in
the schematic rule.

For proving our main result in the next section it is convahie introduce several
auxiliary notions for schematic terms and rules. The foitapfunctions calculate for
a schematic term the set of variables in non-binding postiaod the set of variables in
binding position, respectively:

vars(x) = {x} varsbp(z) = &
vars(a.t) = vars(t)—{a} varsbp(a.t) = varsbp(t) U {a} 9)
vars(f ts) = vars(ts) varsbp(f ts) = varsbp(ts)

The notationt[as; zs] will be used for schematic terms to indicate that the vaeslih
binding position oft are included irus and the other variables ofare either inas or
zs. That means we have fofas; xs]

varsbp(t) C as vars(t) C as U zs

We extend this notation also to schematic rules: by writihg; zs] for (8) we mean

Rtsias;xs] ... Ritsplas;xs] Sissi[as;as] ... Sy sSmlas; xs]

R ts]as; xs] ¢ (10)

However, unlike in the notation for schematic terms, we mieas{as; xs] that theas
standexactlyfor the variables occurring somewheregim binding position and thes
stand for the rest of variables. That means we havelior; zs]

varsbp(o) = as vars(o) = s

assuming suitable generalisations of the functians andwvarsbp to schematic rules.
To see how the schematic notation works out in examplesneider the definitions for
the relations One, given in (1), and Type, given in (2). Usingschematic notation for
the rules, we have

Onel[ 7M} Typel[_7F7xaT]
On%[y ] Typez[_7F7M7NaT17T2]
Ong|—; M N,M', N'] Type;|z; I, M, T1, Tb)
One[y; M N,M', N']

where -’ stands for no variable in binding position.
The main property of an inductive definition, say for the ictike predicateR, is
that it comes with an induction principle, which establskaepropertyP ¢ts under the
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assumption thaf? ¢s holds. This means we have an induction principle diagrariamat
cally looking as follows

Vas xs. Ptsi[as;xs] A ... N Ptsplas;zs] A
Sssilas;xzs] A ... A Ssspmlas;xs] = P ts|as; xs]

Rts= Pts (12)

where for every schematic rulein the inductive definition we have to establish an
implication. These implications state that we can assumtbperty for all premises
and also can assume that the side-conditions hold; we heasteote that the property
holds for the conclusion of the schematic rule.

As explained in the introduction, we need to impose someitiond on schematic
rules in order to avoid faulty reasoning and to permit an awgpt employing the vari-
able convention. A rule[as; zs], as given in (10), ivariable convention compatible
shortvc-compatibleprovided the following two conditions are satisfied.

Definition 5 (Variable Convention Compatibility). A rule p[as; zs] with conclusion
R ts is vc-compatibleprovided that:

¢ all functions and side-conditions occurring énare equivariant, and
e the side-condition$ssy A ... A Sy, 88, imply thatas # ts holds and
that theas are distinct.

If every schematic rule in an inductive definition satisfiese conditions, then the
induction principle can be strengthened such that it inetud version of the variable
convention.

4 Strengthening of the Induction Principle

In this section we will show how to obtain a stronger inductpyinciple than the one
given in (11). By stronger we mean that it has the variablesention already built in
(this will then enable us to give slick proofs by rule indectiwhich do not need any
renaming). Formally we show that induction principles & form

Vaszs C. (VC.P Ctsylas;xs]) A ... AN(VC.PC tsylas; zs]) A
Sssilas;xs] A ... N Sssplas;zs) A as # C = PCts|as; zs]

Rts = PC'ts
(12)
can be used, whel€ stands for afnduction contextThis induction context can be in-
stantiated appropriately (we will explain this in the nex¢ton). The only requirement
we have abou€ is that it needs to be finitely supported. The main differepesveen
the stronger induction principle in (12) and the weaker an€lil) is that in a proof
using the stronger we can assume thatdhd.e. the variables in binding-position, are
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fresh with respect to the contekt (see highlighted freshness-condition). This addi-
tional assumption allows us to reason as in informal “paget-pencil” proofs where
one assumes the variable convention (we will also show tthiiseé next section).

The first condition of vc-compatibility implies that the inctively defined predicate
R is equivariant and that every schematic subterm occurrirggrule is equivariant.

Lemma 3. (a) If all functions in a schematic termius; xs] are equivariant, then (viewed
as a function}. is equivariant, that ist« t[as; zs] = t[mas; mexs]. (b) If all functions
and side-conditions in the rules of an inductive definitionthe predicater are equiv-
ariant, thenR is equivariant, that is ifR ¢s holds than alsaR (7 - ts) holds.

Proof. The first part is by a routine induction on the structure ofsbkeematic term.
The second part is by a simple rule induction using the wedkdtion principle given
in (11).

We now prove our main theorem: if the rules of an inductiverdgdin are vc-compatible,
then the strong induction principle in (12) holds.

Theorem 1. Given an inductive definition for the predicalinvolving vc-compatible
schematic rules only, then a strong induction principle \gi&able for this definition
establishing the implicatioi® ts = P C'ts with the induction contex@' being finitely
supported.

Proof. We need to establisk ts = P C' ts using the implications indicated in (12).
To do so we will use the weak induction principle from (11) asstablish that the
propositionR ts = V& C.P C (w+ts) holds. For each schematic rulfus; xs]

Rtsq[as;xs] ... Ritsplas;xs] Sy ssilas;as] ... Sy sSmlas; xs]
R ts]as; xs]

in the inductive definition we have to analyse one case. Tasor@ng proceeds in each
of them as follows: By induction hypothesis and side-caodi& we can assume

(Vr C.PC (wetsilas;xs])) ... (Vo C.PC (wetsy|as; zs])) (13)

Sy ssilas;as] ... Spm ssmlas; s] (14)

hold. Sincep is assumed to be vc-compatible, we have by Lem. 3 that (13};[as; xs]
is equal tots; [+ as; wexs] in (13). For (14) we can further infer from the vc-compaitlyil

of o that
(a) as # ts|as; xs] and  (b) distinct(as) (15)

hold. We have to show th& C (7 ts[as; zs]) holds, which because of Lem. 3 is equiv-
alenttoP C ts[meas; mexs].

The proof proceeds by using Lem. 2 and choosing for every atomus a fresh atom
¢ such that for all the:s the following holds:

(a) cs # ts[meas;mexs] (b)) cs # meas  (c) es # C  (d) distinct(es) (16)
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Such c¢s always exists: the first and the second property can be @utasince the
schematic termss|m«as; m+xs] andreas stand for finitely supported objects; the third
can also be obtained since we assumed that the inductioextaritis finitely sup-
ported; the last can be obtained by choosingdhene after another avoiding the ones
that have already been chosen.

Now we form the permutation’ oef (reas c¢s) where(weas cs) stands for the
sequence of swappingsea; ci)...(mea; c;). Since permutations are bijective re-
namings, we can infer from (15.that distinct (-« as) holds. This and the fact in (16).
implies that

n'Qreas = 7'e(mweas) = cs a7
We then instantiate the in the induction hypotheses given in (13) with@s and
obtain using (17) and (*) so that

(VC.P C tsy|es;n'@Qrens])) ... (VC.PC tsy[cs; ' Qrexs])) (18)

hold. Since the rule is vc-compatible, we can infer from (14) and the equivaréaot
the side-conditions that

S1 8s1[cs; ' Qmexs] ... Sy sSp[cs; T Qrrens) (19)

hold (we use here the fact thatQr« (ss;[as; zs]) is equal toss;[cs; 7’ Qrexs]). From
(16.), (18), (19) and the implication from the strong inductiaimpiple we can infer
P C ts]es; 7' Qmezs] which by Lem. 3 is equivalent to

P C n'ets[meas; wexs) (20)

From (15a) we can by Lem. (a) infer thatme as # ts[mw+as; w+xs] holds. This however
implies by (16e) and by repeated application of Len{b1that

' ets[meas; wexs] = ts[meas; wews] (21)

Substituting this equation into (20) establishes the patiyation for the rulep. Pro-
vided we analysed all such cases, we have shBun=- Vr C.P C (w+ts). We obtain
our original goal by instantiating with the identity permutation. ad

5 Examples

We can now apply our technigue to the motivating example®s fitee Introduction.

5.1 Simple Typing

Given the typing relation defined in (2), we must first cheok donditions spelt out
in Definition 5. The first condition is that all of the definitis functions (namelyar,

app, lam and::) and side-conditions (namelglid, € and#) must be equivariant. This
is easily confirmed (see Remark 1). The second conditionnegjthat all variables in
binding positions be distinct (there is just one, thie Type;); and that it be fresh for all
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the terms appearing in the conclusion of that rule, naniely lam(x.M) : T} — T,
under the assumption that the side-conditiog# I, of this rule holds.

In this case, therefore, we must check thatt I', © # lam(x.M) andz # T1 —
T, hold. The first is immediate given our assumption; the sedolidws from the
definition of support for lambda-terms ¢ lam(x.M) for all z and M); and the third

follows from the definition of support for types (we define ipetation on type§” as

7T E' T and thus obtain thatupp(7) = @).

With these conditions established, Theorem 1 tells usligettrong, or vc-compatible
principle exists, and that it is

VI'aTC.valid(I')AN(z:T)eI' = PCI (var(x)) T
VITMNTT;C. (VC. PCT M (T, = Ty)) A (YC. PCT NT)) =
PC I (app(M,N)) T
VIaMTyToCoax# T AN (NC.PC(z:Th):T)MTy) N x#C =
PCT (lam(z.M)) (Th — T3)
I'-M:T = PCI'MT

This principle can now be used to establish the weakeningdtrdhe statement is
'tM:T = I'CIl' = valid(I") = I"+M:T (22)

With the strong induction principle, the formal proof ofgtstatement proceeds like the
informal one given in the Introduction. There, in the Tymase, we used the variable
convention to assume that the boundvas fresh for”’. Given this information, we
instantiate the induction conte&t in the strong induction principle witli” (which is
finitely supported). The complete instantiation of the wcapatible induction principle
is
P=X'MTI'. IT'CI'=wdidI")=1I"+M:T
c=1r r=r M=M T=T

which after some beta-contractions gives us the statemd@®). The induction cases
are then as follows (stripping off the outermost quantijiers

(1) valid(I') N (x:T)el' = I'CI" = wvalid(I") = I"Fwvar(z): T

(2) (V. T C I = valid(I"") = I"" - My : Ty — T3) A
(VI". T CT" = valid(I") = I - My - T}) =
Icr’ = wvalid(I'") = I'"'t app(My, M) : T

3) (VI (¢ :T)) =T C T = valid(I") = I" - M:To) A 2 # I =
rcr = valid(I'y = 't lam(z.M) : Ty — Ty

The first two cases are trivial. F¢8), we instantiatd™ in the induction hypothesis to
be(xz : Ty):: I'". From the assumptioi’ C " we have(x : T1) =" C (x : Tq) = I".
Moreover from the assumptiorulid (") we also havevalid((x : Ty) :: I'") using the
variable convention's: # I". Hence we can deriver : Ty) :: I" = M : Ty using
the induction hypothesis. Now applying rule Typee can obtain/™” + lam(x.M) :
T, — T, again using the variable convention’s# I"'. This completes the proof.
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lemmaweakening
assumesy: I'-M:Tandag: I' C I'"and as: valid I’
showsI"' = M:T
usinga; az as
proof (nominal-inductl” M T avoiding "’ rule: strong-typing-induct
case(Typg X I' T1 Ta M)
havevc: x# 1" by fact— variable convention
haveih: (x:T1):I" C (x:T1)::I = valid ((xT1):I"') = (x:T1)::I"" = M:T2 by fact
haveI" C I'' by fact
then have(x:T1)::I" C (x:T1)::I"" by simp
moreover
havevalid I"’ by fact
then havevalid ((x:T1)::I"") using vc by (simp add valid-cong
ultimately have (x:T1)::I"’ + M:T5 using ih by simp
with veshow "'+ lam(x.M) : T; — T by auto
ged (auto) — cases Typeand Type

Fig. 1. A readable Isabelle-Isar proof for the weakening lemma using thegstnoluction prin-
ciple of the typing relation. The stronger induction principle allows us to assumariable con-
vention, in this proof: # I, which makes the proof to go through without difficulties.

Its readableversion expressed in Isabelle’s Isar-language [13] analgusie nominal
datatype package [10] is shown in Fig. 1.

By way of contrast, recall that a proof without the strongauuiction principle
would not be able to assume anything about the relationsipdenz and”, forcing
the prover tax-convertlam(x.M) to a form with a new and suitably fresh bound vari-
able,lam(z.((z x)+M)), say. At this point, the simplicity of the proof using the izdnle
convention disappears: the inductive hypothesis is mucotieh@o show applicable be-
cause it mentiond/, but the desired goal is in terms of )« M.

5.2 Parallel Reduction

In [2], the central lemma of the proof for the Church-Rosgepprty of beta-reduction

is the substitutivity property of the—-reduction. To formalise this proof while pre-
serving the informal version’s simplicity, we will need teong induction principle

for —.

Before proceeding, we need two important properties of thestitution function,
which occurs in the redex rule OneNe characterise the action of a permutation over a
substitution (showing that substitution is equivariaat)d the support of a substitution.
Both proofs are by straightforward vc-compatibteucturalinduction overiM:

me(Mx := NJ]) = (meM)[(mex) := (m+N)] (23)
supp(M [z := N]) C (supp(M) — {z}) U supp(NV) (24)
With this we can start to check the vc-compatibility coratis: the condition about

equivariance of functions and side-conditions is agairilyeasnfirmed. The second
condition is that bound variables are free in the relationles’ conclusions. In rule
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One, this is trivial becausey # lam(y.M) andy # lam(y.M’) hold. A problem
arises, however, with rule OneHere we have to show that# app(lam(y.M), N)
andy # M'[y := N’], and we have no assumptions to hand algout

It is certainly true thay is fresh foriam(y.M), but it may occur inN. As for the
term M'[y := N’], we know that any occurrences @fin M’ will be masked by the
substitution (see (24)), bytmay still be free inV’.

We need to reformulate Opéo read

y#N y#N M-—p M N—» N
app(lam(y.M), N) —» M'[y := N']

Onég]

so that the vc-compatibility conditions can be dischardedther words, if we have
rule Ond we can apply Theorem 1, but not if we use QnEhis is annoying because
both versions can be shown to define the same relation, butawe 1o general, and
automatable, method for determining this. For the momentreject rule One and
require the user of the nominal datatype package to usg.Qfnthis is done, the sub-
stitutivity lemma is almost automatic:

lemma substitutivity-aux
assumest: N— N’
showsM [x:=N] —1 M[x:=N’
using a by (nominal-induct M avoidingx N N’ rule: strong-lam-induc} (auto)
lemma subtitutivity:
assumesa;: M—;M’and ag: N— N’
showsM [x:=N]—1M'[x:=N]
usinga: a by (nominal-induct M M avoiding N N’ x rule: strong-parallel-induct
(auto simp addsubstitutivity-aux substitution-lemma fresh-atm

The first lemma is proved by a vc-compatilsteucturalinduction overM'; the second,
the actual substitutivity property, is proved by a vc-cotitparule induction relying on
the substitution lemma, and the lemifnash-atm which states that # y is the same
asz # y wheny is an atom.

6 Related Work

Apart from our own preliminary work in this area [11], we lelé the prettiest formal
proof of the weakening lemma to be that in Pitts [9]. This ffroses the equivari-
ance property of the typing relation, and includes a rengratap using permutations.
Because of the pleasant properties that permutations étjey are bijective renam-
ings, in contrast to substitutions which might identify twames), the renaming can
be done with relatively minimal overhead. Our contributisrthat we have built this
renaming into our vc-compatible induction principles oace for all. Proofs using the
vc-compatible principles then do not need to perform anyiexpenaming steps.
Somewhat similar to our approach is the work of Pollack andKMua [6]. Start-

ing from the standard induction principle that is assodat&h an inductive definition,
we derived an induction principle that allows emulation @fr&dregt’s variable con-
vention. Pollack and McKinna, in contrast, gave a “weak” astdong” version of the



Barendregt’s Variable Convention in Rule Inductions 15

typing relation. These versions differ in the way the ruledbstractions is stated:
e #M (x:Th):T'FMy:=2z]:T,
't lam(y.M) : Ty — Ts
Ve.o # = (x:T1) = T'FMly:=z]:T strong
I'tlam(y.M) : Th — T»

weak

They then showed that both versions derive the same typdggjuents. With this they
proved the weakening lemma using the “strong” version oftiireciple, while knowing
that the result held for the “weak” relation as well. The mdifference between this and
our work seems to be of convenience: we can relatively edsiliye, in a uniform way,
an induction principle for vc-compatible relations (we dallustrated this point with
two examples). Achieving the same uniformity in the styleMfKinna and Pollack
does not seem as straightforward.

7 Future Work

Our future work will concentrate on two aspects: first on galiging our definition
of schematic rules so that they may, for example, includentifiers. Second on being
more liberal about which variables can be included in thedtidn context. To see what
we have in mind with this, recall that we allowed in the indoctcontext only variables
that are in binding position. However there are examplesrevtigs is too restrictive:
for example Crary gives in [4, Page 231] the following mutisaluctive definition for
the judgementd” + s < ¢t : Tand' + p < ¢ : T (they represent a type-driven
equivalence algorithm for lambda-terms with constants):

sdp tlg I'bpe—q:T (z:T)uT'kFsxste: T

TFsot:b O T sl oD e Trsoluni
z:T)el '+ 2T T, I'k t: T
( ) Pa peq:Ti — T 5 ! pe, Pe,
I'Fz—a:T I'Fps—qt:Ts I'Fkek:b

What is interesting is that these rules do not contain anyakisiin binding position.
Still, in some proofs by induction over those rules one wamtse able to assume that
the variablex in the rule Ae satisfies certain freshness conditions. Our implementa-
tion already deals with this situation by explicitly givitige information that: should
appear in the induction context. However, we have not yekeout the theory.

8 Conclusion

In the POPIMARK Challenge [1], the proof of the weakening lemma is descrised
“straightforward induction”. In fact, mechanising thiganmal proof isnot straightfor-
ward at all (see for example [6, 5, 9]). We have given a novelinduction principle for
the typing relation that makes proving the weakening lemraalmanically as simple as
performing the informal proof.

Importantly, this new principle can be derived from the oréd inductive definition
of the typing relation in a mechanical way. This method eassour earlier work [11, 7],
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where we constructed our new induction principles by harydoBmally deriving prin-
ciples that avoid the need to rename bound variables, wenaéd\the state-of-the-art in
mechanical theorem-proving over syntax with binders. Hselts of this paper have al-
ready been used many times in the nominal datatype paclagexdmple in the proofs
of the CR and SN properties in thecalculus, in proofs about the pi-calculus, in proofs
about logical relations and in several proofs from struadtaperational semantics.

The fact that our technique may require users to cast sonuetind definitions in
alternative forms is unfortunate. In the earlier [11], oant-proofs correctly derived a
vc-compatible principle from the original definition ef>; we hope that future work
will automatically justify comparable derivations.

AcknowledgementsWe are very grateful to Andrew Pitts for the many discussions
with him on the subject of this paper.
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